Abstract. The integral representation for the multiplicity of an isolated zero of a holomorphic mapping f : (C n , 0) → (C n , 0) by means of Weil's formulae is obtained.
Introduction. Let f = (f 1 , . . . , f n ) : G → C n , n > 1, be a holomorphic mapping defined on some neighbourhood G of 0 ∈ C n , having an isolated zero at this point. Let µ c (f ) be the covering multiplicity of f at the point 0 (see e.g. [9] , Ch. V, §2, Sec. 1). Then there exist arbitrarily small neighbourhoods Ω ⊂ G and ∆ of 0 ∈ C n such that, for almost all w ∈ ∆ (i.e. outside some proper analytic set), the number #(f −1 (w) ∩ Ω) of pre-images of w by f lying in Ω is equal to µ c (f ) (cf. [9] , Ch. V, §2, Proposition).
The integral representation of the above multiplicity is well known and often used (see [6] , Ch. V, §1, 2, [10] , Ch. IV §18, Sec. 55, (6) ). The proofs of this representation are based on the Stokes theorem. But there are some difficulties connected with the choice of a suitable version of this theorem, caused by the occurrence of singular points and by the necessity of integrating over noncompact manifolds. These difficulties are usually passed over in silence.
In this paper we get the integral representation of the multiplicity in full detail. We overcome the difficulties mentioned by applying some properties of totally real manifolds (see §2) and Weil's formula obtained in [5] with the use of a multivalued mapping and without using the Stokes theorem (see §3, (1), (3)).
1. Notations and basic notions. We adopt the definitions of real and complex manifolds in R n and C n , respectively, from [11] , App. II, Def. 4D. Moreover, a real manifold will always be a manifold of class C ∞ . We assume that such a manifold is equipped with the induced metric.
Let N ⊂ C n be a k-dimensional complex manifold. Then N is a real manifold of dimension 2k. Moreover, for any p ∈ N , the tangent space to 1991 Mathematics Subject Classification: Primary 32A25.
N at p when N is treated as a real manifold is identical with the tangent space to N at p when N is treated as a complex manifold (cf. [11] , App. II, Lemma 5C).
On a real manifold M in R m or C n we shall consider the k-dimensional 
Let M ⊂ C n be a real manifold. We call M totally real if, for any p ∈ M , the tangent space T p M is a totally real subspace of C n (cf. [1] , App., Sec. 2.4).
n be an n-dimensional totally real manifold and N ⊂ C n a complex manifold of complex dimension k < n. Then M ∩ N is a border set in M .
P r o o f. Suppose to the contrary that there exists
Obviously, U is totally real. Hence if v 1 , . . . , v n form a basis of T p U , then they are also linearly independent over C.
. . , iv n are linearly independent over R. Since, clearly, they belong to T p N , the real dimension of T p N is at least 2n. So 2k ≥ 2n , contrary to our assumption. This ends the proof. Now, we consider the intersection of an analytic set and a totally real manifold.
Let V be an analytic set in some open set U ⊂ C n . Assume that dim V = r < n. Then we may represent V as the disjoint union
where each N k is either void or a complex manifold of dimension k (cf. [11] , Ch. III, Th. 6G).
Moreover, if N k = ∅, then the closure of N k in U is a locally finite union of irreducible analytic subsets of V whose regular points form N k (cf. [11] , Ch. III, Th. 1G). Hence N k ∩ U is an analytic set in U of pure dimension k (cf. [11] , Ch. II, Lemma 1I). Next, let M ⊂ U be a compact totally real manifold of dimension n.
Proposition 3. Under the above assumptions, V ∩ M is nowhere dense in M .
is analytic in U (cf. [11] , Ch. III, Th. 6F). Therefore (N r−1 ∪ . . . ∪ N 0 ) ∩ M is closed. As before, it is the union of a border set, N r−1 ∩ M , and a closed set, (N r−2 ∪ . . . ∪ N 0 ) ∩ M . Repeating this argument, we conclude that (N 1 ∪ N 0 ) ∩ M is closed and it is the union of the border set N 1 ∩ M and the set N 0 ∩ M which is nowhere dense in M . Thus (
, Ch. I, Probl. 1.3.E) and, being closed, it is nowhere dense in M . Returning to the sets considered at the beginning, we find that (N r−1 ∪ . . . ∪ N 0 ) ∩ M is nowhere dense in M . Hence V ∩ M is a border set in M , and, being closed, it is nowhere dense. This completes the proof.
Assume additionally that M is a real analytic manifold. Then V ∩ M is a real analytic subset of M . By Proposition 3, V ∩ M is nowhere dense in M . Therefore we immediately see that dim(V ∩ M ) = k < n.
Proposition 4. With the above assumptions, H
This concludes the proof.
Integral representation of the multiplicity. Let
, where n > 1, be a holomorphic mapping with an isolated zero at the point 0. Then there exists a neighbourhood G of 0 ∈ C n such that the restriction of f to G is proper (cf. [9] , Ch. IV, §1, Prop. 1; [7] , Ch. IV, §2, Prop. 4) and open (cf. [9] , Ch. V, §2, Lemma). Assume that
Next, let D j be a disk of the form {ζ j ∈ C : |ζ j | < ε j }, and Γ j the positively oriented boundary of D j , i.e. Γ j is the curve with parametric representation
Without loss of generality we may assume that Π is connected. Then Π is a canonical Weil domain, and σ = {z ∈ G : f j (z) ∈ Γ j , 1 ≤ j ≤ n} is its skeleton (cf. [4] , §1).
Let J f be the Jacobian of f , and let G 0 and σ 0 denote the zero sets of J f lying in G and σ, respectively. Since f (G) is open, J f does not vanish identically. Since f is proper, f (G 0 ) is an analytic set in f (G) (cf. [9] , Ch. V, §5, Remmert's th.). Moreover, dim f (G 0 ) < n. Furthermore, let δ be the set of points ζ = (ζ 1 , . . . , ζ n ) ∈ δ such that
Lemma 1. The set δ is an n-dimensional totally real manifold. y 1 , . . . , x n , y n ) = [0, . . . , 0, −2x j , −2y j , 0, . . . , 0], the differentials dg j (p) are independent for each p ∈ δ. Thus δ is an n-dimensional real manifold (cf. [11] , App. II, Def. 4D).
Fix
. . , u n , v n ] be a tangent vector to δ at p 0 . Then (dg j (p 0 ))w = 0 for each j, 1 ≤ j ≤ n (cf. [11] , App. II, Lemma 5C). This is equivalent to the system of equations x Consider now γ −1 (δ 0 ). From the definition we have δ 0 = f (σ 0 ) = f (G 0 ∩ σ) ⊂ f (G 0 ) ∩ f (σ) = f (G 0 ) ∩ δ. Obviously, δ is compact. So, in virtue of Proposition 3, f (G 0 ) ∩ δ is nowhere dense in δ, while by Proposition 4, it has n-dimensional Hausdorff measure zero. So, by Proposition 1, it has Lebesgue measure zero. A fortiori, this holds for δ 0 . From the definition of γ it now follows that γ −1 (δ 0 ) has measure zero in [0, 1] n . This concludes the proof.
Since f restricted to G \ f −1 (f (G 0 )) is proper and is a local biholomorphism, f |(G \ f −1 (f (G 0 ))) is a p-fold covering. From the assumption that f −1 (0) ∩ G = {0} it easily follows that p = µ c (f ) (cf. [9] , Ch. V, §7, Sec. 2).
